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1 Introduction and scheme of proof 

1.1 Introduction 

The (1 + if)-dimensional viscous Burgers equation is the following non-linear PDE, 

{d,-vA + u-V)u = g, u\^^Q = uo (1.1) 

for a velocity u = u{t,x) e (r/ > 1), {t,x) € R+ x R^, where v > 0 is a viscosity coefficient, A 
the standard Laplacian on R*^, u -Vu = UidxM the convection term, and g a continuous forcing 
term. Among other things, this fluid equation describes the hydrodynamical limit of interacting 
particle systems ifTOl lTIl. is a simplified version without pression of the incompressible Navier-Stokes 
equation, and also (assuming g to be random) an interesting toy model for the study of turbulence 
[TJ. The present study is purely mathematical: we show under the following set of assumptions on 
Mo and g that the Cauchy problem 

(dt - vA + u ■ V)m = g, m|^_q = Mo (1.2) 

has a unique, globally defined, classical solution in (i.e. continuously differentiable in the 
time coordinate and twice continuously differentiable in the space coordinates), and provide explicit 
bounds for the supremum of m and its derivatives up to second order. 

Assumptions. 

(i) (initial condition) uq € and V^mq is a-Holder for every a € (0,1); for k = 0,1,2, 
IIV'^Molloo sup^gRrf |V''mo(x)| < oo; 

(ii) (forcing term) on every subset [0, T] X R^ with T > 0 finite, g is bounded and a-Holder 
continuous for every a € (0, furthermore, g is and t l|V*’g,||oo := sup^gj^^ |V'^gf(x)|, 
1 ll<5fg/||oo sup^gj^rf \dtgt{x)\ are locally integrable in time. 

For convenience we redefine t - vt,u = v~^u, g = v~^g. The rescaled equation, (df-A-u-V)u - 
g, has viscosity 1. We skip the tilde in the sequel. Our bounds blow up in the vanishing viscosity 
limit V —> 0 (see Remarks after Theorem 1 1.1 1 for a precise statement). 

Our approach is the following. We solve inductively the linear transport equations, 

M^"i) 0; (1.3) 
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(1.4) 


+ - g, = uo {m> 0). 

If the sequence converges in appropriate norms, then the limit is a fixed point of (11.41) . hence 

solves the Burgers equation. Let || ||q, denotes either the isotropic Holder semi-norm on Huollff 
sup^cyeRrf or the parabolic Holder semi-norm on R+xR^, ||g||„ sup(,^^) 


(see section 4 for more on Holder norms). 

Definition 1.1 Let, for c > 0, 

Koit) ■- IImoIIoo + r d^llg^lloo (1.5) 

Jo 

Kx{t) ■-= IIVmoIIoo + r Ji'IIVgJIoo (1.6) 

Jo 

Kiit) ■- IIV^Molloo + IImoIIooIIVmoIIoo + llgolloo + <i5(||V2gJU + lIJsgJIoo) (1-7) 

.^f2+a(0 •- II^^WolU + llgillQ.,[0,f]xR‘'’ a € (0, 1) (1.8) 

and 

m ■- ^ (KQ{tf + Kft) + K2{tf'^ + . (1.9) 


Note that K(j{t),Ki{t),K 2 {t),K 2 +a{t),K{t) < oo for all f > 0 and a e (0,1) under the above 
Assumptions. 

Our main result is the following. 

Theorem 1.1 For every /3 € (0, j), there exists an absolute constant c = c{d,P) > 1, depending only 
on the dimension and on the exponent fS, such that the following holds. 

(i) (uniform estimates) 

iiuf’^iioo < Koit), iivu('")|u < m- \\dtu^”^\u iiv2uf”^iu < (1.10) 

(ii) (short-time estimates) define u^’”^ - u^’"~^^form > 1. IfQ < t < T and t < mjcK{T), 

then 


Wv^r^Woo < cKo(T)icK{T)tlmy^, ||Vv['”^||oo < cK(T)(cK{T)tlmf'’\ (1.11) 

Let us comment on these estimates. 

1. The different powers in the expression of K(t) come from the dimension counting dictated 
by the Burgers equation: the diffusion ferm Am, fhe convection ferm m • Vm and fhe forcing g 
are homogeneous if u scales like L~^, where L is a reference space scale, and g like {LT)~^, 
where T is a reference fime scale. Assuming parabolic scaling, K~^{t) scales like fime and 
plays fhe role of a reference fime scale T{t) af lime t, leading lo a fime-dependenf space scale 
L = L{t) ~ K~^(t). The scaling of fhe olher .K'-paramelers Kq ~ T~^-, K\,K ~ T~^\ 
K2 ~ r-3/2; K2^^ ~ r-(3+«)/2. 
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2. The first uniform estimate 


\\u^r\\oo<K^{t) (1.12) 

follows from a straightforward application of the maximum principle to the transport equation 

dLl- 


3. (uniform estimates for the gradient). The function satisfies the linear heat equation {dt - 

= g, whose explicit solution is = dse^‘ Thus 

llVuf^lloo < IIVmoIIoo + r r/5||VgJ|oo ^ i^i(t). (1.13) 

Jo 

Clearly K\{t) < K{t). Estimates for further iterates ... involve K{t) instead of K\{t). 

4. Fix a time horizon T > 0 and consider the series S (t) := for 

t < T (note that, by definition, := The short-time estimates (11.111) 

imply that S(t) is absolutely convergent. More precisely, letting mq := [cK{T)ti and y 1, 






m=0 


< \\u];”°\oo + 


+00 

Z I"’!' 

m=mo+\ 

+ 00 




< W)]i+c 2] {cK{T)tlm)y"^\ (1.14) 

m=mo+l 


for all n > niQ. Let m > itiQ and x - \ - cK{T)tlm e [0,1]: using 1 - x < e one gets 

{cK{T)tlmy'" = (1 - xy” < and 

+00 +00 

2] {cK{T)tlmy’^ < e^/(e^ - 1). (1.15) 

m=mo+l m=mo+l 


Hence ||m["^||oo ^ Ko(T). In a similar way, letting y := j3 this time, one shows that 


l|Vu[”^||oo - 




< K{T). 


(1.16) 


m=0 oo 

These estimates are best when t = T\ one then retrieves the uniform estimates (11.101) up to 
some constant. 


5. (short-time estimates) Bounds (11.111) are of order OyCty”l{m\y), y - \ or ji, and obtained 
by m successive integrations. For linear equations, or equations with bounded, uniformly Lip- 
schitz coefficients, successive integrations typically yield OyCt)'”lm\). The Burgers equation, 
on the other hand is strongly non-linear. While using precise Schauder estimates to obtain the 
gradient bound in (11.111) . one stumbles into the condition y6 < 2 at the very end of section 3 
which apparently cannot be improved. 

6. (blow-up of the above estimates in the vanishing viscosity limit) Undoing the initial rescaling, 
we obtain v-dependent estimates, 

WutWoo < Koit), llVuflU < v-^K{t), WdtUtWco < \\V\t\\oo < v-^K{tf^ 

(1.17) 
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with Koit), Ki{t) as in ([O]), ([Til), ^ 2(0 vUV^MolU+llMolloolIVnolloo+llgolloo+X^ <i‘S(v||V2g^|U+ 
IlS^gilloo), K 2 +a{t) ■- vllV^Molla + sup„g[o,r] II^^L and K{t) ■.= Ko{tf + vKi(t) + {vK 2 {t)f^^ + 
Thus the derivative bounds ||V'^Mf||oo, k = 1,2 and ||5;m||oo blow up at 
different rates when v ^ 0. 

From the above theorem, one deduces easily that the solution of the Burgers equation is smooth 
on R+ X R.^ provided (i) uq is smooth and its derivatives are bounded; (ii) g is smooth and its 
derivatives are bounded on [0, T] x for all T : 

Corollary 1.2 Assume uq and g are smooth, and HV'^moIU < oo (k = 0,1,2,...), ||^V'^gf||oo < 
C(ju, k,T), i 2 ,K = 0,1,2, ... for every t < T. Then the Burgers equation (O has a unique smooth 
solution u such that ||5^V'^M(||oo < C'ija, k,T) for every fi,Kand t < T. In particular, C'{p,K,t) = 
C'{p, k) is uniform in time if g = 0. 

We do not prove this corollary, since it results from standard extension to higher-order derivatives 
of the initial estimates of section 2, and an equally standard iterated use of Schauder estimates to 
derivatives of Burgers equation. 

Our results extend without any modification to nonlinearities of the type F{u) ■ Vn with smooth 
matrix-valued coefficient F if F is sublinear, and even (with different scalings and exponents for the 
F-constants) to the case when F has polynomial growth at infinity. 

Let us compare with the results available in the literature. The one-dimensional case d = 1 or 
the irrotational r/-dimensional case with g = V/ of gradient form, is exactly solvable through the 
Cole-Hopf transformation n = V log f which reduces it to a scalar, linear PDF dt<p = vAf + f(p\ note 
also that log 0 is a solution of the KPZ (Kardar-Parisi-Zhang) equation. In that case the equation is 
immediately shown to be well-defined for every t > 0 under our hypofheses, and esfimafes similar 
fo ours are easily obfained; specifically in J = 1, an invarianf measure is known fo exisf if g is e.g. a 
space-lime while noise |21- For periodic solulions on fhe torus in one dimension, fhe above resulfs 
exfend fo fhe vanishing viscosify limil |5]. The reader may refer e.g. fo |4| for a more exfended 
bibliography. 

So our resull is mosfly interesting for d > 2; as menlioned above, our scheme of proof extends to 
more general non-linearifies of fhe form F{u) ■ Vn, for which the equation is not exactly solvable in 
general. In this setting, the classical result is that due to Kiselev and Ladyzhenskaja [S]. The authors 
consider solutions in Sobolev spaces and use repeatedly energy estimates. They work on a bounded 
domain O with Dirichlet boundary conditions, but their results extend with minor modifications to 
the case O = R"^. If uq € Fl^ with 5 > d/2, then UmoIU < oo by Sobolev’s imbedding theorem. Then 
the maximum principle gives UndU < IImoIU as long as the solution is classical; this key estimate 
allows one to bootstrap and get bounds for higher-order Sobolev spaces which increase exponentially 
in time, e.g. \\ut\\}ji - as follows from the proof of Lemma 3 in |8]. Compared to these 

estimates, ours present two essential improvements: (i) we do not assume any decrease of the data 
at spatial infinity, so that they do not necessarily belong to Sobolev spaces; (ii) more importantly 
perhaps, our bounds do not increase exponentially in time; in the case the right-hand side g vanishes 
identically, they are even uniform in time, Fo(0, K{t) < C where C is a constant depending only on 
the initial condition. 
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1.2 Scheme of proof 

Recall that we solve inductively the following linear transport equations, see (11.41 ). 


:= 0 ; 

(5^ - A + • VV'”) - g, u^'”\^^ = uo (m>0). 


(1.18) 


(1.19) 


Under the first set of assumptions, standard results on linear equations show that u^'^\ m > 0 is 
C^’^. Assume we manage to prove locally uniform convergence of u^"’\ Vu^"'\ when m —> oo. 

Then there exists u € such that locally uniformly —> u, Vm, ^ and 

—> dtU. Hence converges locally uniformly to Am-m- Vn+g, 

and dtU = lim,„^oo = Am - m • Vn + g. In other words, the limit m is a solution of the 

Burgers equation. 

The key point in our scheme is to prove locally uniform convergence of m'-'”^ and Vm^'”^, and 
to show uniform bounds in Holder norms for second order derivatives V^m^'”^ a simple 

argument (see below) yields then the convergence of second order derivatives, allowing to apply the 
above elementary argument. The basic idea is to rewrite u as 

and to show that the series is convergent, uniformly in space and locally uniformly in time. 

In the sequel we fix a constant c > 1 such that Theorem 1 1 . 1 1 holds and let 


Koit) := cKoit), Ki{t) ■- cK^{t), K{t) := cK{t) 


( 1 . 20 ) 


to simplify notations. 

The proof relies on two main ingredients: a priori estimates coming from the maximum princi¬ 
ple; and Schauder estimates. Schauder estimates are difficult to find in a precise form suitable for 
the kind of applications we have in view, so the reader will find in the appendix a precise version of 
these estimates, see Proposition 14.61 following a multi-scale proof introduced by X.-J. Wang. These 
imply in particular the following. 

Lemma 1.3 Let 0 < t < T. Then 




( 1 . 21 ) 


Lemma fOl is proved in section 3, at the same time as Theorem ll.il 

We now use a classical result about Holder spaces: let C“(2), with 2 c R x compact, be the 
Banach space of a-Hdlder functions on Q equipped with the norm |||m|||q. := ||m||oo,q + llwllff.e- Then 
the injection C“ {Q) c C"{Q) is compact for every a' < a. In particular. Lemma [T3] implies the 
existence of a subsequence (m^”'"^)^ such that y jji (ja -norm. On the other hand, as 

discussed in Remark 4 above, m^™^ ^ u and ^ Vm in the sup norm for some u € Hence 
M is twice continuously differentiable in the space variables, and V^m = v. Now every subsequence 
(V^nf^m))^ converges to the same limit, V^m. Hence —> V^m in C" . In a similar way, one 

proves that u is continuously differentiable in the time variable, and dtU = limm-»oo in C" . In 
particular, u € C^’^, and the arguments given at the very beginning of the present subsection show 
that M is a classical solution of the Burgers equation. Note that we may reach the same conclusion 
even if we do not know that the series converges. Actually the bound on 
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IIVmC^+i) - Vm('”)||oo, Q is the trickiest one. We felt however it was one the most inexpected estimates 
we had obtained, and thus worth including. 

Notations. For /, g : X —> R+ two positive functions on a set X, we write f{u) < g{u) if there 
exists a constant C = C{d) depending only on the dimension such that f{u) < Cg{u). (If C depends 
on other parameters, notably on c, then we write explicitly the dependence on them, so that we make 
it clear that we do not get unwanted extra multiplicative factors 0{c"‘) in the formulas which would 
invalidate the proofs). 


2 Initial estimates 


Initial estimates are different in spirit from those of the next section since they cannot rely on 
Schauder estimates. Instead we use a Gronwall-type lemma based on the maximum principle. 


Lemma 2,1 (Gronwall lemma) Let ^ : 1.+ x —> R^, resp. 0 : R+ x R^ —> R^ the solution of 
the transport equation {dt — X + b ■ X — c)f = /, resp. {dt — X + b - X — c)f = f, with same initial 
condition, ihe coefficients c = c{t, x), c = c{t, x) € M^xrfC®-) <^re matrix-valued, and 

b, b, c, c are assumed to be bounded and continuous. Let v := f> - f. Then 


r< 

r/llcx) ^ * 

Jo 


r^t 

Jo 


(i5A(5,0l|(>i-(>ilUI|V^J|oo+ (i5A(5,0llki-Cillloo ll^illoo + dsA(s,t)\\fs-fs\\ 


r^t 

( 

Jo 


( 2 . 1 ) 


where III • HU «the supremum over R^ of the operator norm in ^nd A{s, t) = exp |||cr|||oo'^?'- 


Proof. By subtracting the PDFs satisfied by f and f, one gets 


{dt - A + b ■ X - c)v = -{b - (?) • + (/-/) + (c - c)(p. (2.2) 


Hence the result by the maximum principle. □ 

Definition 2.2 Let tint '■= inf {f > 0; tK{t) = l} ■ 

By hypothesis, t^t >0. If mq = 0 nnd g = 0, then t^t = +oo and the solution of Burgers’ 
equation is simply 0. The case Mo=Cst, Vg = 0 reduces to the previous one by the generalized 

J ~‘t f't 

a(s)ds, u u - a with a{t) - uq -v gsds. We henceforth 
exclude this trivial case, so that t^t £ (0, +oo). 


Theorem 2,1 (initial estimates) Let t < t^t. Then the following estimates hold: 

(i) 


Wu^Dloo < Koitint), WXu^r^loo < Kfintf ll^.ul^^Hoo, l|V"u['”^||oo < ■ (2.3) 

h vtnpvfvinvp 

\\diU^;^\, \\X^u^r\ < CKitinitf^"^!^ (2.4) 

with C - C{d, a). 
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(ii) let m> then 


Wv^r^Woo < Ko{tinit)minit)tlmr, ||Vvf”)|U < K{Unit){K{tMt)tlmr. (2.5) 


Remarks. 

1. Let T < tinit, then (12.31) . (12.41) and (12.51) remain true for t < T if one replaces KoitMt), Koitinu), 
K(ti„it), K{tinit) by Ko{T), Ko{T), K{T), K{T). Hence Theorem 11.11 is proved for t < tint 
(actually with (5 - 1). 

2. The value of tmit depends on the choice of c. We provide in the course of the proof a rather 
explicit minimal value of c for which (12.31) . (12.41) . (12.51) hold. Further estimates in the next 
section may require a larger value of c. 

3. From Holder interpolation estimates (see Lemma l4~2l) . one also has a bound for lower-order 
Holder norms, 


and, for fixed s < tmn. 


( 2 . 6 ) 

(2.7) 


Proof. Let us abbreviate Ko(tinit), K^itM,), Ki {tMt), Ki {tM,), K{tini,), K{tinit) to Kq,Ko,Ki,Ki,K,K. 


(i) We first prove estimates (i) by induction, assuming them to be proved for m - 1. Note first 
that (12.31) holds true for m = 0 with c - I, see eq. (11.131) : as for (12.41) . 

< Wholly + fr/^||VW.IIr 

Jo 

< y<a ( 2 . 8 ) 

as follows from Holder interpolation inequalities (see Lemma 14.21) and Corollary 14.41 Time 
variations of scale similarly, yielding [q ~ ^(3+r)/2 Lemma l431 eq. 

(14.81) . and Corollary 14.41) . Note that similarly, ^ jj^g gstimate for 

I|m|”*^||oo is a direct consequence of the maximum principle. Then Vm 6«) satisfies fhe gradienf 
equafion 

{dt-A + • V -t ^ Vg, (2.9) 

where \u^’"~^\t,x) is viewed as fhe d x d mafrix (djUk{t, x))jk acfing on fhe vector {dkUi)k- 
Nofe fhaf 


\\\Vu^’^-^\t,x)\\\< VTr(VM(™-i)(f,;c))(VM(™-i)(f,x))* = \Vu^"'-^\t,x)\. (2.10) 

By fhe maximum principle, 

I|Vm|™^||oo < A(0, t) IIVmoIIoo + r dsA{s, t) llVg^lU 

Jo 
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( 2 . 11 ) 





where A{s,t) exp £ \\Vu^^~^^\\oodr is the exponential amplification factor of Lemma IZTl 
By induction hypothesis and Definition 12.21 A{s,t) < A(0, < e, hence (provided 

> e) 

< eKi < K. (2.12) 


To bound we differentiate once more, 

{d,-A + • V + (2.13) 

where is viewed this time as the x d^ matrix (di'u\"'~^^6k' ; + 

acting on the vector {d^^.^,Ui)kk' e and has matrix norm |||VM^'”“^^(t, x)\\\M^ 2 ^fi(*.) - x)\, 

yielding an amplification factor A{s, t) exp £* || x)|||m^ 2 xj 2 (R) Woodr < C£ By the 

maximum principle, 

||V2n('”)|U < C' |||V2nol|oo + £ds (HV^gJU + l|V24'”-^^||oo||V4'”>|U)J 

< C' |||V2nol|oo + ^ 

< C'^{K2{tinit) + K^K) < C'(c-3 + c-1)^3/2 < ^3/2 ^2.14) 

provided c > 2max(l, C^). 

Similarly, satisfies the transport equation 

{dt-A + - dtg - ■ Vu^'”\ (2.15) 


hence 


Wdtuf'^Woo < IIV^Molloo + IImqIIoo IIVmoIIoo + IlgolU + r r/i'IIS^g.lloo + tinitK^I'^K 

Jo 


< K2{tinit) + K-2K< (c-3 + C"' )^3/2 < ^3/2 


(2.16) 


(2.17) 


provided c > 2. 

Finally, we must prove the Holder estimate (12.41) : for that, we use the integral representation 

^ • V)ui"’£ds. 

By Lemma l4~2l considering a-Hdlder norms on [0,6vj,(] x R'^, 

11(4”’-^^ • V)ni'")||^ < Wu^% + l|Vni'”^||oo 

< + KkI~^KA < .£(3+r)/2 

Thus by Lemma 1431 

- \^uf\U + f ' ^)u^r\\ads 

< (2.19) 


(2.18) 
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for f < t, and (choosing any y e (a, 1)) 

72 


< W^^u^PWa + c\d, a, f ‘”"(t - < ^(3+«)/2^ (2.20) 

Jo 

hence the result for Similarly, 

+ £(t - • vWs%ds 


< (f _ f')“/2^(2+a)/2 + (f _ f'^(«+l)/2j^(3+Q')/2 

< (t - f')“/2^(2+«)/2 + (f _ j/)a/2jI^^^(3+o-)/2 < (^ _ j/^«/2^(2+a)/2^ 

( 2 . 21 ) 

hence (using Holder interpolation inequalities once more) < ^(2+“)/2 From the 

previous bounds follows immediately + \\{u^'”-'^'> ■ V)u('”)||„ < .£(3+a)/2_ 

(ii) Apply Lemma [2d1 with cp - b = b - ^ = u^’”\ f - f = g and c = c = 0. It 

comes out 

llvl^^lloo^ f^/^llvi^-^^lloollV^^-i^lU. (2.22) 

Jo 

Thus, using the induction hypothesis, 

1 


if’ii 


/'■ 


< I dsKo{Ks/im-l)f^-^K < Ko{Ktlm)’”il—)-^’"-'>(KIK) < Ko{Ktlm)"^, m>2 

m 

(2.23) 

for c large enough, and 


Jo 


lUIIVuf lU < KoKt < KoiKt). 


(2.24) 


Consider now as in (i) the gradient of the transport equations of index m- 1, m, 

{dt-A + • V + = Vg, n = m-l,m (2.25) 

and apply Lemma l2Jl with (p = (7 = b = and c = 

c - Using the induction hypothesis, one gets 

iivv['”^iu < r jM(^,oiivi'”“^^iiooiiv2uf-i)|u+ r dsA(s,t)\\wr'^u\vu^r'''\u 
Jo Jo 


< e 


f ds(KoK^^'^ + KK){Ksl{m - 1))'”“^ 

Jo 

< e(l - -)-^"^-^\Kt/mf\KQK^ + K) < e{l - -)“('”“i\c“5 + c~^)K{Ktlmf 


< K{KtlmT, m>2 


(2.26) 


and 


lIVv^l^lloo < j|'j^(l|Mfllool|V2uf|U + ||Vuf||^) 
< eiKoK^'^ + K^)t < K{Kt) 


(2.27) 


for c large enough. 
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3 Proof of main theorem 


By Remark 1 following Theorem 12.11 we may now restrict to times larger than tmu- We fix a time 
horizon T > tinu and distinguish two regimes: a short-time regime, t < mlK{Ty, and a long-time 
regime, t > mfK{T). Clearly the short-time regime does not exist for m = 0; as already noted before 
(see comments after Theorem 11.11) . this case is trivial and estimates (11.101) . proven in the course of 
Theorem 12. II in the initial regime, extend without any modification to arbitrary time. So we assume 
henceforth that m>\. 

Theorem 11.11 follows immediately from an estimate for valid over the whole region 

t e \ti„it, T] and another estimate for valid only in the short-time regime. These are proved 

by induction. 

Theorem 3.1 (estimates for and Let m> \ and t e T]. Then 

Wu^r^Woo < KoiT), llVn^^^lU < K{Ty, \\dtuf^'>\U (3.1) 

Furthermore, 

\\dtu^r^%, (3.2) 

Proof. As already noted, the inequality ||m[“^||oo < Kq{T) follows immediately from the maxi¬ 
mum principle, so we consider only the bound for the gradient and higher-order derivatives in (13.11) . 
We prove it by induction on m, assuming it to be true for m - 1. We abbreviate Kq{T),K{T),K{T) 
toKQ,K,K. 

We apply Proposition 14.61 on the parabolic ball = [t - M^t] x B{x,M^I^), with ■= 
jK{Ty^. Note that, by definition, t - > tinu - jK(tinit)~^ > \tinit > 0. We consider first the 

bound (14.171) for the gradient, 

l|Vn('”)|L,eo-.) < + Rl^K^ . (3.3) 

The multiplicative factor is bounded by \ + < 2. On the other 

hand, by Holder interpolation inequalities (see Lemma l4~2b . 

< (1 + c^‘^i^{kIikti^)K"kI-“ 

< (1 + < (1 + c "/ 4 ) c 2 «- 2 ^( 1 + 0 ')/ 2 _ (3 4 ) 

Hence 

l|Vn^'”^IL,eo-i) < K-"-^I^K2^yT) + + K^Kq 

< + + c-^-K (3.5) 

which is < A' for c large enough. 

Bounds for higher-order derivatives \\dtu\'^\\oo, HV^mI^^Hoo follow from (14.191) instead, contribut¬ 
ing an extra x multiplicative factor. They hold true for c large enough. Finally, (14.201) 
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yields 


\\dtU^'”\,QU-ru < l|glU,eo) + Ko 

< K2+a{T) + Ko ■ c(f+2«-2)(2+«)/(l+0')^l+ff/2 ^-l^(3+a)/2 

< ^(3+“)/2, (3.6) 

from which 

^ sup l|V2«(™)||„_g0M,(,,) + < ^(3+«)/2, 

(t,x)e[ti,M,T]xR‘‘ 

(3.7) 

and similarly for \\dX'"X,it,,,,T]xR‘^■ 

We take the opportunity to derive from (14.181) a bound for ||Vn*^”7||^ go-i) (also valid for ||Vn^"7||jj, 
that will be helpful in the next theorem, 

l|Vn^'”)|U,eo-u < + ^-(i^“>^"||n('"-'^IU,QO))||glL + 

^0^(l+a)/2 ^ ^-(1+„)/2 ||^(m-1)||^^^^^.^ ^ 


< 


j^l+al2 


(3.8) 


since (from dH) X'^~Xa,QU) ^ 

□ 

Theorem 3.2 (short-time estimates for v^’"^ and Vv^"^) Let m > I and t € [6„,(, min(r, mlK{Ty)\. 
Then 

llv^^^lU < Ko{T)(K{T)tlmr, lIVv^^^lU < K{T){K{T)tlmf\ (3.9) 

Proof. We abbreviate as before Kq{T), Kq{T), K{T), K{T) to Kq, Kq, K, K and prove simultane¬ 
ously the bounds on ||v^'”^||oo and ||Vv*^™^||oo, assuming them to be true for m - 1. 

(i) (bound for v^) As in the proof of Theorem 12.11 (ii), the case m = 1 is essentially trivial: 
namely, using Lemma IZTl we have for t < 

||v['^||oo< r ds\\ufX\\^ufX<KoKt<Ko{Kt). (3.10) 

Jo 

So we now restrict tom >2. 

Assume first t < {m - y)IK, so that t is in the short-time regime for By Lemma ITT] 

(see proof of Theorem 12.1 1 fiill. 

Jo 

< r dsKoiKsKm - \)X'^K < {Kt/{m - l))"‘Ko{KIK) 

Jo 

< XKo(Kt/(m-1))'" <^Ko{Kt/m)'" (3.11) 

for c large enough. 
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For s,t ^ [{m - \)IK,mlK^, one uses instead Hv^”* '^||oo < llni™ < 2^o and 

obtains 

p{m-\)IK pmIK 

Jo J(m-\)IK 

< ^KoiKtlmT + K~^ ■ 2KoK 

< KoiKtIm)'” (3.12) 

for c large enough. 

(ii) (bound for Vv^”*^) We start from the observation (see (12.21 )) that satisfies the transport 
equation (5, - A + ■ V)(v*''”^) = and apply Schauder estimates on = 

Q^^\tQ,xo) as in the proof of Theorem 13.11 with x K{T)~^, b = and / • 

In the course of the proof of Theorem l3.ll and in (i), we obtained ||m*^'"“^^||oo,qO) ^ ^0 

and 


I|v('”)|L,go) < KoiKtImr, ||Vn(-i)|U,go-, < 

(3.13) 

Furthermore, from Holder interpolation inequalities (see Lemma |4~2]) and induction hypothe¬ 
sis, 

llv^^'^^IU.GO) ^ (3.14) 

Hence (using once again the induction hypothesis) 

ll/IU,G0. ^ l|v('”"'^IU,G0) l|Vn('”-')|L,eo) + ||v(“-i)|L,go) 

< (3.15) 


A priori we should now use the Schauder estimate (14.181) to bound ||Vv^'”^||q, qo-d; as in the 
proof of Theorem 13.11 <2, so 

< K~^^^°''^l^\\f\\„ + K^I^Ko{Ktlmf'^. (3.16) 

The second term in (13.161) is bounded by c~^K{KtImf'", in agreement with the desired bound 
(13.91) . but not the first one, which is bounded by c~^K{Ktl{m - 

In order to get an integrated bound of order (Ktfm'f’” for the first term, we need a refinement of 
Proposition 14.61 Fix (fi, xi) € We let (for k > 0 large enough so that xi) c 

v^'^\t,x) '.= v^”^^{t,x) + J f(s,xi)ds, (t, x) € xi) (3.17) 

so that satisfies fhe modified fransporf equation 

(dr> - A + • V)v("*\t, x) = fit, x) (3.18) 


13 






with 


f{t,x):=fit,x)-f{t,xi). (3.19) 

Note that Vv^”) = This introduces the following modifications. First, 

letting 

- v('”)|L,20-«(mxO < r ' dsWmW^ < KoiKtlmf^ (3.20) 

Jti-Mi ’ ' 

as follows from (13.111) . (13.121) . Thus \\v^'"A\oo,QU-k)(t^,xi) ^ KoiKtlmf'" is bounded like ||v^"®^||oo,qo-i). 
Second (see (14.261) 1. f{t, x) - f{ti,xi) = f{t, x) - f{t, xi) involves values of / only at time t. 
(Eventually this spares us having to bound inductively dtV^’”^). 


We now go through the proof of Proposition 14.61 writing v^"^\t\,xi) as the sum of a series 
v'k^+iih,xi) + - vf^)ih,x\), and bounding only ||Vv||oo = ||Vv||oo and HV^vlU ^ 

||V^v||oo. Instead of (14.271) . we get from the maximum principle 


sup - vf )| < r* ds\\f{s)\lgM-,, + \\u^'^-^\ sup Vv^ 

gU-i-k) ’ 1 gO-i-r) 


(3.21) 


where ■ )ds '.= * average over the time interval [fi 

t\\. We have proved above that ||/(5)||^^o) < - l))f^('”“P; thus (by 

explicit computation) 


f 


ds\\f(s)\\^ g(j-i-k) 


ti-Mk- 


< / ds {Ks/{m - l))/^('”-9 

= (3.22) 


with a* := - (t - Letko := M{k > < 

tim]-, since > t/m by hypothesis, w t/m. For k > ko, au » 1, as follows from 

Taylor’s formula; bounding all k > 0 by 1 would yield the estimate (13.161 ). However, for 
k < ko, Ok < which is a much better bound for ko - k large. Summarizing, the only 

change in the right-hand side of (14.341) is that ||/||q, may be replaced by 


y ^-W2 r* ||^(^)|| < + A2), (3.23) 

where 

Ai := 2] < {Ktlmfl^ (3.24) 

k>ko 

and similarly 

^0-1 . 

A2 y ~ {Ktlmf''^. (3.25) 

^ m 

k=0 


All together, with respect to the rougher bound (13.161) . we have gained a small multiplicative 
factor of order Ai -i- A 2 < {Ktinif, with [i ■= ajl. Thus 

l|Vv('")|L^go-i, < c-^K{Ktl{m - l))/^('«-i) . {Kt/mf + c-^K{Ktlmf^ 

< c~^K{Ktlmf'^. (3.26) 
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□ 


4 Holder estimates 


We prove in this section elementary Holder estimates, together with a precise form of the Schauder 
estimates which is crucial in the proof of Theorem [TTT] in section 3. 


Definition 4.1 (Holder semi-norms) Let y € (0,1). 

1. /o : R.^ —> R is y-Holder continuous //’||/ol|y := < “■ 

2. / : R+ X R"* ^ R is y-Holder continuous ifWfWy ■.= sup(f^^) < “• 


In the denominator appearing in the definition of ||/||y, we find a power of the parabolic distance, 
dpariit, x), (t', x')) = \x- x'\ + Vk ” t'V Note that || ||y is only a semi-norm since ||l||y = 0. We also 
define Holder semi-norms for functions restricted to 2o ®-+ x or 2 compact, with the 
obvious definitions. 


ll/ollr,eo 


sup 

x,x'eQo 


\Mx) - fo{x')\ 

\x - x'\y 


llr.e 


sup 

{t,xw x')eQ \x - x'\y + \t- t'\y/^ 


\fit,x) - f(t',x')\ 


(4.1) 


Remark. For / : R+ x R^ —» R, we use in this article either the parabolic Holder semi-norm 
ll/lla,e or the isotropic Holder semi-norm ||/(OIIq',Qo for t e R+ fixed. The distinction is really 
important in the proof of Theorem 13 .2 1 (ii). Clearly, ||/(Ollff,eo - ll/llo'Jxeo if f i^ some time interval 
containing t. 


Lemma 4.2 (Holder interpolation estimates) 1. (on mZ) Let Qq (zM.be a convex set, and uq : 
2o ^ K- ^tich that ||mo||oo,Qo’ IIV“oIIoo,Qo < “• 

WuoWa.Qo < llMolli:^J|Vnoll“ a € (0,1). (4.2) 


2. (on R+ X R^) Let Q z x mZ be a convex set, and n : R'^ —> R such that 
l|M||oo,e, llVwolloo.e, ||5(MolU,e < oo. Then 

WuWa.Q < 2(l|M|li:^l|Vn||^,g + Mt^Q^WMCa), a e (0,1). (4.3) 

Proof, (see (91) we prove (ii). Let X = (t, x) and X' = {f, x') in Q, then 


\uiX) - uiX')\ = 


f'A 

Jo dr 


m((1 - t)X + TX')dT 


< \t- t'\ ||5,m||oo,q + |x - x\ ||Vm||oo,q < 2 max(k - t'\ ||5,m||oo,q, \x - x'\ ||Vm||oo,q) . 

(4.4) 


On the other hand, \u{X) - uiX')\ < 2||m||oo- Hence 

\u{X) - u{X')\ < 2 max(||n||^-“/ 2 p^^||a/^^ IlMlli^ellVnll^. 


(4.5) 

□ 
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Lemma 4.3 Let uq ^'Kbe a-Holder. Then 


l|W(e^^no)llco < C(r/,/r,a)t(“-A/2||„o||„ 

iK > 1); 

(4.6) 

\\^\e*^u^)\\y < C'(^/,r,a)riA«-r)/2 

(r e (0,1)); 

(4.7) 

\W^uo - /^nolloo < C''id,a)it - t'f'^ ||nolla 

(a e (0,1), t> t' > 0). 

(4.8) 


Proof. (14.71) follows by Lemma |4~^ from the bounds (14.61) with k - 2,3. Thus let us first prove 
(14.61) . The regularizing operator e^^ is defined by eonvolution with respeet to the heat kernel pt- By 
translation invariance, it is enough to bound the quantity l{s) - '^'^~^{e*^uo){e) in 

the limit e —> 0. The quantities in (14.61) are invariant through the substitution mq —> no - mo(0), so we 
assume that mo( 0) - 0- We may also assume |e| ^/i. Let A p - {\ - a)ld', note 

that |e| <«c A ^/i. We split the integral into three parts, /(e) = /i(e) + / 2 (e) + /aCs), with 


his) ■- 


-I 

JW<A 


dxV^ ^pt(x)iuo(x)-uo{x+E)), his) := I dxiV^ ^ptix+£))iuoix)-uoiO)) 

Jlxl: 




his) - 


r dx- f 

^UI>A .Jlx- 


dx]'^'^ ^Ptix + s)iuQix) - Mo(0)). 


(4.9) 

(4.10) 


/|a'|>A J\x-£\>A 

We use |moW - uoix + e)| < IImoIIq- |e|“ in the first integral, and get 


his) < ||nolLA^r('^-^^-9/2|£|“ = 


(4.11) 


For the second integral, we use W“^p,(;r + e)| < j^Ptix) and |MoW-no(0)l ^ llnollffljcl", 

yielding the same estimate. Finally, the integration volume in the third integral is 0(A‘^“^|e|), hence 
his) < ||MolUA‘^“^|e|t“''*^“9/2^« < ||Mo||Q.A'^r^'^'^'^“9/2|g|Q' . (|e|/2l)t“" is negligible with respect to the 
first integral (compare with (14.111) !. Taking e ^ 0, this gives the desired bound for ||V'^(e'^Mo)||oo- 

Finally, (14.81 ) may be obtained through the use of the fractional derivative 


|Vr : uo ^ {\Vfuo f d^dyl^re^^^-y^noiy )^, 


namely. 


lie‘^uo - e’'^uo)ix)l ^ 




dy dsPsix - y)uoiy) 




dy Ap,ix - y)uoiy) 


£' dsjdyl |V|2-“/2;2,(x - y)| I \Vfuoiy)\ < if'^ - hT'^) ||nolL 


< it-tr'%0\\a- 


(4.12) 


□ 

Corollary 4.4 Let g : [0, t] x —> R a continuous function such that (gi)i€[o,f] are uniformly 

a-Holder, and y < a. Then s 1 -^ is Ly^ and, for 0 < t' < t, 



||V2(^.h-9Agj||^ < C"id,y,a)it - 


sup IlgJIa. 


(4.13) 
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We now turn to our Schauder estimates. The multi-scale proof of the Proposition below is 
inspired by Wang IfT^ . We fix a constant M > \, e.g. M = 2 for a dyadic scale decomposition. 

Definition 4.5 (parabolic balls) Let {to, xq) e R x R^^ and j € Z. Then the scale j parabolic ball 
issued from {tQ,XQ) is the closed subset Q^^\tQ,xo) := {{t,x) e R x R^; to ~ < t < tQ,x € 

B{xo,Mj/^)}. 

The set {{t, x) | t < to, dpar{{t, x), (to, xo)) < M^'^} is comparable to Q^^\tQ, xo), in the sense that 
there exist 5kQ,6ki > 0 such that Q^^\tQ,XQ) c {(t, x) | t < to,dpar((t,x),(to,xo)) < c 

gO'+(5t:o+<5t:i)/2^j^^(ouc may actually choose Ski = 0), which is why Q^-’\to,xo) is called a ’ball’; 
but mind the causality condition t < tQ. In the sequel we let 6k - 5k{M) be some large enough 
integer, depending only on M, used in several occasions to make different parabolic balls fit ex¬ 
actly into each other. The main property of parabolic balls in our context is the simple scaling 
property for locally bounded solutions u of the heat equation {dt - A)u = 0: for all /r = (/ri,..., Kf), 
K\,...,Kd>0, |V'^M(to, xo)| < sup^^^^go)(,^^^g) \u\ (|/^| = Ki+.. .+Kd), whcrc dparQ^J\to, xo) := 

({to - MJ] X B(xo, U ([to - Mf to) x dB(xQ, is the parabolic boundary of Q^^fto, xq). 

From this we simply deduce the following: let 

2(f)(fo, xo) := {(t, x) e Q^-^\to, xq) | dp,tr((t, x), dparQ^^\to, xq)) > {k < j), (4.14) 

then supgO)^^^ supgo)^^^ \u\, which is a quantitative version of the well-known 

regularizing property of the heat equation: if u is bounded on some j scale parabolic ball 
then V'^M is bounded away from the parabolic boundary of Q^j\ In particular, since Q^^~^\to,xo) c 
2o-«)(fo, Jco), one has: supgo-i,(,^_^^) |V'^m| < iM-B^)M supgo)^,^^^^) \u\. 


Proposition 4.6 (Schauder estimates) Let v solve the linear parabolic PDE 

{dt - A + a{t, x))u{t, x) - b{t, x) • VM(t, x) -i- /(t, x) 
on the parabolic ball Q^^\to,xo). Assume: u is bounded; a > 0; 




\X - X'Y + It - tr^^ 
for some a € (0,1), and similarly ||a||f,, \\b\\a < Then 


|/(t, x) -/(t',x')| 


< CX3 


sup |Vn| < M^‘^l^\\f\\a + (m^'X^II^II« + sup |n| , 

Qii-i) I Qij) I 


(4.15) 


(4.16) 


(4.17) 


||Vn|U,go-,) < 

+ |^til+«+«")/20'y^-5(l+«)/“||^||a+«)M + + ^-;72j |^|| ^ 

sup \dtu\, sup \V^u\ < Rl^ j M>/2||/||^ + (m^'“/?^'||(7||2 + M^"l^\\a\\a + M'^') sup |n| i , (4.19) 

QU-l) Q(t-l) I Qij) I 
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and for every a' > a, 


+ |M2"%“2(2+a')/(l+«)||^||C+o.)/(l+a) ^ |„|| ^ (4 20) 


where Rb ■= (l + M^^^\b{to, xo)\j 


Remark: Removing the condition a > 0, we would get the same estimates, multiplied by 

g^''supg0)(-a) 

Proof. Let u{I,x) := u{M^t, M^^^x), b(f,x) Mj^^biM^I, M^^^x), f(f,x) f{M^t,M^I'^x), 
d{t, x) := M^a{M^t, M^^'^x). Then the PDE (5; - A + a)u = b-'Wu + f on reduces to an equivalent 
PDE, (dt - A + d)u = b-\u + f onn parabolic ball Q of size unity. Assume (leaving out for sake of 
conciseness the powers of 7?^ = (1 + \b{tQ, xo)|)“^) that we have proved an inequality of the type 


sup |V'^m| < 

Q(-l) 


+ (l« + l|d||„ + l)sup|u| , 


resp. 




+ (ll^lL + llallff + l)sup|M| 
Q ) 


By rescaling, we get 


(4.21) 


(4.22) 


sup IV'^mI < 

eo-i) 


44i(iW2)||^||^ + (m^'^f^‘^\\b\\af + (M2)i+“/2||^||^ ^ A ^^jp i^ij ^ 

e<^' ) 


(4.23) 


llv'^u|U,eu-i) < (M-2/2> 


44 / 1 + 0 -/ 2 )Ily 11 ^ + k(Mj^^)^^"\\b\\af + + l) SUp \u 

e<^' 


(4.24) 

This gives the correct scaling factors in (14.1714.1814.1914.2^ . Thus we may assume that j = 0. 
In the sequel we write for short || • ||„ instead of || • ||„ gm and || • ||oo instead of supgm | • |. 


The general principle underlying the proof of the Schauder estimates in IfT^ is the following. 
Eet (ti,xi) e Q^(^-ki)- rewrites M(fi,vi) as the sum of the series M(ti,xi) = M^,+i(fi,xi) + 

T,t=ki+k^k+iih< xi) - Uk(ti,xi)), where Uk, k > ki + \ is the solution on := Q‘^~^Kti,xi) of 
the ’frozen’ PDE 


(5f - A + a(ti, xi))uk(t, x) = b(ti,xi) ■ Vuk(t,x) + f(ti,xi) (4.25) 

with initial-boundary condition (-*> = mL (-«. We split the proof into several steps. 

'^paric-^ '^paricj 

(i) (estimates for \uk+i - Uk\) One first remarks that Uk - u, k > ki + I solves on the heat 
equation 

{dt-A+a(t\,xi)-b(t\,x\)-'V)(uk-u) = (b(ti, x\)-b)-Vu+(f(t\, x\)-f)-(a(t\, x\)-a)u (4.26) 
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with zero initial-boundary condition {uk - u)\„ „( « = 0, implying by the maximum principle 


sup \Uk+l-Uk\ < sup \uk+l-u\ + sup \Uk-u\ < M 




(-*- 1 ) 


g(-*-n 


ev 


,(-« 


a “I" IMIlall^lloo 


-I- \\b\\a sup |Vm| 




(4.27) 


(ii) (estimates for higher-order derivatives of Uki+i) Recall Uki+i is a solution of the heat equation 
(5( - A - b{li,xi) ■ V)uk^+l - with initial-boundary condition W/ti+iL ^-^i+d = 

“L 

'^par'x'i 

Assume first \b{t\,x\)\ < 1. As follows from standard estimates recalled before the proposi¬ 
tion, 

llVn/tj+ill -(ti+ 2 ) < (M*^‘^^)^+“||m||oo, sup \dtUk^+i\, sup < M^'IInlU, (4.28) 

’^1 ^-(^ 1 + 2 ) ^-(^ 1 + 2 ) 

k'l 

l|V"n;i.+i||^g-(*..2 ) < (M'^‘)'^“^"||m||oo. (4.29) 

If \b{tQ, xo)| » 1, then one makes the Galilean transformation x i-> x - b(to, xo)t to get rid of 
the drift, after which the boundary of lies at distance R - l\b{tQ, xo)|) instead 

of of (fi,xi); thus, in general. 


l|Vn,.+i|| 2 ) sup sup m'^'\\u\U 

’^1 ^-(*1+2) ^-(*1+2) 

(4.30) 

l|V"n;i.+i||^g-(.,.2) (4.31) 

(hi) (estimates for higher-order derivatives of Uk+i - Uk) Similarly to (ii), we note that Uk+i - Uk is 
a solution on of the heat equation (5; - A -i- a{t \, xi) - b{t\ ,xi)- V){uk+i - Uk) = 0. Thus 

sup \dt{uk+i - Uk)\, sup \V'^{uk+i - Uk)\ < m'^RI^ sup \uk+i - Uk\, (4.32) 

g(-*-2) g(-*-2) 

\\V\uk^, - Uk)\l, .(-.- 2 ) < sup \uk^i - Uk\ (4.33) 

is bounded using (i) in terms of R},, \\b\\a, ll/llor and sup „(-« |Vm|. 

Vl 

(iv) (Schauder estimates for higher-order derivatives of u) Summing up the estimates in (i), (ii), 
(hi), and noting that • • • c c c for dk = Sk{M) large enough, one 

obtains 



[ 

f \ 

sup \dtu\, sup |V^m| < R^^ ■ 

(^-A:i)l+a/2 

WfWa + IWIallwIloo + \\b\\a SUp |Vm| 

0(0) piO) 

^(-kO 

1 



(4.34) 
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By interpolation (see immediately thereafter), sup „( 0 ) |Vm| is bounded in terms of ||m||oo and 


m 

i-ki-Sk) 


l-ki-Sk) 

sup„( 0 ) |V^m|. Thus in principle (14.341) gives a bound for However, since 2' 

'■^(-ki-Sk) ' 

y one cannot fix k^. Instead we shall bound sup^^.^ sup„( 0 ) |V^m|, and similarly 

for the different gradient/Hdlder norms considered in the Proposition. This explains why 
ultimately we must consider the values of Vu, on the whole parabolic ball not only 
on the subset where our results are stated. 

Now 


e 


sup |Vm| < 

|( 0 ) 

i-ki-Sk) 


xl/2 


sup |V^m| 


,( 0 ) 


o 


(||m||oo)^^^ < sup |V^m| + £ ^||m||o 


e 


|( 0 ) 

i-ki-Sk) 


(4.35) 


for every e > 0. Hence (using (14.341) 1. choosing w Rb/\\b\\a, one gets 


supM-"^' sup IV^nl </?-M(M-'=')'^“^"(ll/IU + (IM|„+/?^'||(>|folNloo) + IMIco), (4.36) 

t:i>0 n^O) 

^(-kO 

implying in particular the bound (14.191 ) for V^n, from which (14.3514.341) yields the bound 
(14.191) for dfU. 

Using the estimates (14.191) and (14.351) with e = 1 yields also the gradient bound (14.171) . 


(v) (Schauder estimates for Holder norms) 


Let us now bound ||V^m|| ^(O) 

"’^-(* 1 - 1 ) 


^^^(ti,xi),{t2,x2)eQ 


(0) 

-(* 1 - 1 ) 


\V^u(t2,Xi)-V'^u{t2,X2)\ 

dpar{{t\ ,Xl),h2,X2)f 


or equivalently 


\\dtu\\ „(o) . Assumee.g. t\ > t 2 , and(t 2 ,X 2 ) e ^^\t\,x\),k 2 > k\ + \,w'ith.dpar{{t\,xi),{t 2 ,X 2 )) 


M~k^l^. The hypothesis k 2 > ki + I excludes the case where dpar{(t\,xi),(t 2 ,X 2 )) is compara¬ 
ble to a case which is not needed since it is already covered by the estimates proved 

in (iv). Then |V^M(t, x) - V^u{t', x')\ < h + h + h + h, with (using (14.331) for I\, I 2 and (14.321) 


for 73 , 74 ) 


7i = |V^M*,(ti,Xi) - V^Uki{t2,X2)\ < {M’‘'y'^“^^R^^^'^‘"^^^\\u\\codpar{tl,Xi;t2,X2f-, (4.37) 


and 


k2-l 


^2 = Yj “ Uk){tuXl) - V^{Uk+l - Uk){t2,X2)\ 

(k2-\ 


k=ki 


< '^^dpar{t]_,Xi,t2,X2y 


< dpar{h,Xut2,X2fRy^^'''^'' 




\k=k\ 


+ l|a||ffl|M||oo + \\b\\a sup |Vm| 


Gi 


,(-*) 


+ IMIlffllMlIoo + \\b\\a sup |Vm| 


Gi 


,(-*!) 


h '■= ^ |V^(m<;+i - Uk){t\,x\)\, I4 := ^ \V^{uk+i - Uk){t2,X2)\ 
k>k2 k>kQ 


(4.38) 


(4.39) 
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are 


^ dpar(t\, Xi, t2, X2) Rjy 


+ IMIffllwIloo + ||^||« sup |Vm| 


e; 


f-h) 


(4.40) 


Hence 




-(/ci- 1 ) 


Q, Q^^’f ~ ^'■^7 


' 

( \ 


(^-4)1+0-/2 

ll/IU + \\b\\a sup |Vm| + IMUIImIU 

+ Halloo 


(5(0) 

J 


(4.41) 


compare with (14.341) . 

By standard Holder interpolation inequalities 0, 

sup |Vn| < (sup < ^ 2 +a||^ 2 ^|| 

^{-ki-Sk) ^{-ki-5k) 

for every e > 0. Choosing w ^^/II^IIq- yields as in (iv) a bound for 
sup,^>o(^'*^‘)'^“^"l|V2n||^ ^( 0 ) , from which one deduces in particular (14.201) . 


-(2+a)/(l+Q')|| 


(4.42) 


-(* 1 - 1 ) 


In order to obtain the bound (14.181) for \\'^u\\„ q(-i), we proceed initially in the same way, with 
the only difference that one may take a' = a in (14.381) since one gets a series of 

order 0(1). Thus (14.411) becomes 



' 

( \ 

(M-'^‘/2)i+“||Vn||^ (0) 

(^“4/2^1+Q' 

ll/llff + ll^ll« sup |Vm| + ||a||a||M||oo 



'-i(-ky-6k') 


+ M 


(4.43) 


One now uses Holder interpolation inequalities to bound Vn in terms of ||m||oo and V^m. Instead 
of (14.441) . one has here 

sup |Vn| < ( sup < £i+“||Vn|| (o) + (4.44) 

^(0) ^^Qi-k^-6k) QiO) ^'^{-k^-Sk) 


-(-ki-6k) 


~{-ki-6k) 


for every e > 0. Choosing w l\\b\\a yields as in (iv) a bound for 

sup. >o(M“*‘)*^^^“^^^l|Vi^ll n(°) > from which one deduces in particular (14.181) . 

“’t^-(*i-i) 
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